Let Z be the Jiang-Su algebra and K the C * -algebra of compact operators on an infinite dimensional separable Hilbert space. We prove that the corona algebra M (Z ⊗ K)/Z ⊗ K has real rank zero. We actually prove a more general result.
Introduction
The Jiang-Su algebra Z is a projectionless unital simple separable infinite dimensional amenable C * -algebra with the same K-theory as that of the complex field C (see [16] ). It had been an interesting problem to find projectionless unital infinite dimensional simple C * -algebras ( [17] , [2] , [3] , [8] ). However, the Jiang-Su algebra is the nicest that one can get. In fact Z is an inductive limit of sub-homogeneous C * -algebras. It is one of many products of the decade of 1990's in the Elliott program, the program of classification of amenable C * -algebras. However, more recently, Z plays a much important role in the study of C * -algebras. It becomes increasingly important to fully understand the structure of the Jiang-Su algebra.
In many ways, Z behaves like C, as its K-theory suggests. One of indirect, but important features of unital simple C * -algebra C is the simplicity (as well as complexity) of the Calkin algebra M (C⊗K)/C⊗K. Let A be a non-unital but σ-unital C * -algebra. The quotient M (A)/A is called the corona algebra of A. The Calkin algebra is the corona algebra of C⊗K, the stablization of C. One of the important consequences of the simplicity of the Calkin algebra is that it has real rank zero. As we know, many important results in operator algebras (as well as operator theory) are related to the Calkin algebra, such as Fredholm index theory, the BDF-theory, C * -algebra extension theory and the KK-theory. The fact that the Calkin algebra has real rank zero plays the crucial role in all these even though the term of real rank zero were invented much late. In that point of view, the corona algebra M (Z ⊗ K)/Z ⊗ K, inevitably, is also important, given the central role Z is playing in the study of classification of amenable C * -algebras. However, by now, we know that the corona algebra of Z ⊗ K is not simple. In fact it has a unique proper closed ideal. Nevertheless, we would like to know whether the corona algebra of Z ⊗ K has some other similar structure to that of C⊗K. The problem whether the corona algebra M (Z ⊗K)/Z ⊗K has the real rank zero has been around for many years and were specifically raised at the American Institute of Mathematics in 2009, as well as other places ( [19] ). Moreover, there is a long history of similar questions (e.g., ([6] , [52] , [15] , [22] , [24] , [23] , [36] , [50] , [51] , [39] ). The purpose of this paper is to establish that the corona algebra of Z ⊗ K does have real rank zero, despite the fact it is not simple and the fact that Z has no proper projection.
One of the earliest applications of K-theory in operator algebras is the proof of the following theorem: an extension of AF-algebras is again an AF-algebra ( [5] and [12] ). This extends to a more general form: Let 0 → B → E → A → 0 be a short exact sequence of C * -algebras, where the ideal and quotient have real rank zero. Then E has real rank zero if and only if K 1 (B) is trivial (see [6] ; also see [52] ). Denote by Q(Z) the corona algebra of Z ⊗ K. Let J be the closed ideal of M (Z ⊗ K) such that π(J) is the unique proper nontrivial ideal of the corona algebra, where π : M (Z ⊗ K) → Q(Z) is the quotient map. We have that Q(Z)/π(J) is purely infinite and simple (this is well-known; an explicit reference is [19] ; it also follows immediately from [27] Theorem 3.5; see also [47] Theorem 2.2 and its proof). By a result of S. Zhang ([48] ), it has real rank zero. It is also known that π(J) is also purely infinite and simple (this is also well-known; an explicit reference is [19] ; it also follows immediately from the definition of J in [21] 2.2, Remark 2.9 and Lemma 2.1; see also [47] Theorem 2.2 and its proof). Therefore, from the above mentioned result, if K 1 (J) is trivial, then Q(Z) has real rank zero. Much of the work of this study is to show just that.
The general strategy to show that K 1 (J) is trivial is taken from an original idea of Elliott ([11] ). However, unlike the case that Elliott considered, A ⊗ K (in particular, in the case that A = Z) lacks sufficiently many projections. We need to use positive elements to start. The method to adapt Cuntz relation to compare positive elements in the multiplier algebra of a non-unital simple C * -algebra was initially used in [21] (and [25] ). When A has real rank zero, one has the uniform bound for the length of path of unitaries in A which connects to the identity. This fact plays important role in many of earlier study of multiplier algebras. In general, however, for a unital simple C * -algebra A, the exponential length could be infinite. In other words, there will not be any control of the length. The idea to controlling the exponential length of unitaries in the multiplier algebras via the closure of commutator subgroup instead of controlling the exponential length in U 0 (A) directly is new. We need results of exponential length of unitaries in the unitization of a non-unital simple C * -algebra. The method to actually controlling the exponential length of unitaries in the closure of commutators for unital simple C * -algebras was taken from [33] which is based on the results in the connection to the Elliott program of classification of amenable simple C * -algebras.
The next section serves mainly for the notations and terminologies which will be used in the proof. Section 3 contributes to the understanding of exponential length of unitaries in the closure of commutator subgroup of non-unital simple C * -algebras. The computation of the exponential length plays critical role in dealing with unitary group of some ideals in the multiplied algebras and corona algebras of some simple C * -algebras, in particular, those of Z ⊗K. Section 4 contains a number of technical lemmas that use the Cuntz relation to produce and deal with projections in the multiplier algebra of certain non-unital simple C * -algebras. The main technical lemma is 4.13 which allows us to connect a unitary to one which is nontrivial only in a small corner. Section 5 contains the main result. We show that the corona algebra of A ⊗ K has real rank zero for a class of unital simple C * -algebras A which includes the projectionless simple C * -algebra Z. We expect a number of direct applications of the main result that M (Z ⊗ K)/Z ⊗ K has real rank zero. However, these would be the subject of future projects.Definition 2.3. Let A be a unital C * -algebra with T (A) = ∅. Let u ∈ U 0 (A). Suppose that {u(t) : t ∈ [0, 1]} is a continuous path of unitaries which is also piece-wisely smooth such that u(0) = u and u(1) = 1. Define de la Harpe-Skandalis determinant as follows:
Note that, if u 1 (t) is another continuous path which is piece-wisely smooth with u 1 (0) = u and u 1 (1) = 1, then Det((u(t)) − Det(u 1 (t)) ∈ ρ A (K 0 (A)). Suppose that u, v ∈ U (A) and uv * ∈ U 0 (A). Let {w(t) : t ∈ [0, 1]} ⊂ U (A) be a piece-wisely smooth and continuous path such that w(0) = u and w(1) = v. Define
unique ideal of M (C) which sits properly between C and M (C). Moreover, in this case, J can be characterized by
(See [43] ; see also [11] , [20] , [13] , and [49] .) Definition 2.8. Recall also, in the above, C is said to have continuous scale if for all x ∈ C + − {0}, there exists n 0 such that for all m > n ≥ n 0 , (e m − e n ) x. ([21] Definition 2.5.) (Note that this implies that M (C) = J 0 = J.) If C has continuous scale, for any strict positive element a ∈ C, d τ (a) is a continuous function on T (C).
Let A be a unital simple C * -algebra and let C ⊂ A ⊗ K be a non-unital hereditary C * -subalgebra. Suppose that C has continuous scale. Suppose also that T (A) = ∅. Then f (t) = sup{t(a) : a ∈ C and 0 ≤ a ≤ 1} (for t ∈ T (A)) is a continuous affine function in Aff(T (A)). Since A is simple,
Then τ is a normalized trace on C. Note that every τ ∈ T (C) has this form. This also implies that T (C) is compact. Let C be a non-unital and σ-unital nonelementary simple C * -algebra. Let J ⊆ M (C) be the ideal as defined in 2.7 and let a ∈ J + \ {0}. Then C 1 = aCa has continuous scale.
Exponential length
The following is known. There exists η > 0, δ > 0 and a finite subset G ∈ C(T) s.a. satisfying the following: Suppose that A is a unital separable simple C * -algebra with T R(A) = 0, and suppose that u, v ∈ U (A) are two unitaries such that sp(u) = sp(v) = T,
and for all arcs I a with length at least a ≥ η, where ϕ :
Then there exists a unitary w ∈ U (A) such that
The following is a non-unital version of the above.
Lemma 3.2. Let ǫ > 0 and let ∆ : (0, 1) → (0, 1) be a non-decreasing map. There exists η > 0, δ > 0 and a finite subset G ∈ C(T) s.a. satisfying the following: Suppose that A is a unital separable simple C * -algebra with T R(A) = 0, C is a non-unital hereditary C * -subalgebra of A ⊗ K with continuous scale, B =C and suppose that u, v ∈ U (B) are two unitaries such that sp(u) = sp(v) = T,
and for all arcs I a with length at least a ≥ η, where ϕ : C(T) → B is defined by ϕ(f ) = f (u) for all f ∈ C(T) and |τ (g(u)) − τ (g(v))| < δ for all g ∈ G and for all τ ∈ T (C), (e 3.6)
where π : B → B/C = C is the quotient map. Then there exists a unitary w ∈ U (B) such that
Proof. Without loss of generality, we may assume that π(u) = π(v) = 1. Let ǫ > 0 and let {e n } be an approximate identity for C consisting of projections. Let ∆ 1 (a) = (1/3)∆(3a/4) for a ∈ (0, 1) and ∆ 2 = ∆ 1 /2. Let δ > 0 and η 1 > 0 (in place of η) and finite subset G ⊂ C(T) be required by Lemma 3.1 for ǫ/2 and ∆ 2 . Put η = η 1 /4. Suppose that u and v are two unitaries in B satisfy the assumption for the above δ and η.
Let ǫ/4 > ǫ 0 > 0. Since C has continuous scale, there exists N ≥ 1 and unitaries
(e 3.9)
for all τ ∈ T (C). By choosing sufficiently small ǫ 0 , we may assume that
and for all g ∈ G. Moreover (by Lemma 3.4 of [32] ),
and for all arcs I a with length a ≥ η, where ψ(f ) = f ((1 − e N ) + u 1 ) for all f ∈ C(T). It follows from (e 3.9) and (e 3.11) that
and for all a ≥ η, where ψ 1 (f ) = f (u 1 ) for all f ∈ C(T). It follows from 3.1 that there exists a unitary w 1 ∈ e N Ae N such that u 1 − w Proposition 3.3. Let A be a unital simple C * -algebra, C ⊂ A ⊗ K be a non-unital hereditary C * -subalgebra with continuous scale and let B =C. Let u ∈ U (B) with sp(u) = T. Then there exists a nondecreasing function ∆ : (0, 1) → (0, 1) such that
and for all arcs I a with length a ∈ (0, 1), where ϕ : C(T) → B defined by ϕ(f ) = f (u) for all f ∈ C(T). Moreover, one may also require that lim a→0+ ∆(a) = 0.
Proof. Let π : B → B/C = C be the quotient map. Let λ = π(u). So λ ∈ T. Fix a ∈ (0, 1).
Consider finitely many open arcs I a,1 , I a,2 , ..., I a,m ∈ C(T) with radius a/2 such that λ ∈ I a,1 and every arcs I a with length at least a contains one of I a,j and ∪ m j=1 I a,j = T. Choose a non-zero positive function f a,j ∈ C(T) such that the support of f a,j contained in I a,j and 1 ≥ f a,j (t) > 0 for all t ∈ I a,j , j = 1, 2, 3, ..., m. Since f a,j ∈ C for j = 2, 3, ..., m, and T (C) is compact (since C has continuous scale),
For f a,1 , it dominates a non-zero positive element in C. It follows that
Note that, for each a ∈ (0, 1), I a ⊃ I b,j for some j and any b ≤ a. Therefore
for all τ ∈ T (C). It follows that
for all τ ∈ T (C) and for all a ≥ b.
Lemma 3.4. Let A be a unital simple separable C * -algebra with T R(A) = 0, C ⊂ A ⊗ K be a non-unital hereditary C * -subalgebra with continuous scale and let B =C. Let u ∈ U 0 (B) with sp(u) = T and π(u) = 1, where π : B → C is the quotient map. Then, for any ǫ > 0, there exists a selfadjoint element h ∈ C with sp(h) = [−2π, 2π] such that u − exp(ih) < ǫ and τ (h) = 0 for all τ ∈ T (C).
(e 3.13)
Moreover, we may assume that
(e 3.14)
Proof. First we note that the assumption that sp(u) = T implies that A is infinite dimensional. Let ǫ > 0. Let ϕ : C(T) → B be the homomorphism defined by ϕ(f ) = f (u) for all f ∈ C(T). It follows from 3.3 that there exists a non-decreasing function ∆ : (0, 1) → (0, 1) such that
and for all arcs I a with length a ∈ (0, 1). Let η > 0, δ > 0 and G ⊂ C(T) s.a. a finite subset be required by 3.2 for ǫ/4 and ∆. To simplify the notation, without loss of generality, we may assume that g ≤ 1 for all g ∈ G.
Let ǫ/4 > ǫ 0 > 0. Let {e n } be an approximate identity for C consisting of projections. We choose an integer N ≥ 1 and unitary u 1 ∈ e N Ce N such that u 1 ∈ U 0 (e N Ce N ) and
(e 3.15)
for all τ ∈ T (C). Since e N Ce N has real rank zero and infinite dimension, u 1 ∈ CU (e N Ce N ). It follows from Theorem 4.5 of [33] that there exists a selfadjoint element b 1 ∈ e N Ce N with b 1 ≤ 2π such that
(e 3.16) (This can be derived directly from the fact that C had real rank zero). We assume that e N +1 − e N = 0. Let q 1 , q 2 ∈ (e N +1 − e N )C(e N +1 − e N ) be mutually orthogonal and mutually equivalent projections such that
(e 3.17)
We choose ǫ 0 sufficiently small such that ǫ 0 < δ/16π and
where
By (e 3.18), (e 3.17) and the fact that g ≤ 1 for all g ∈ G, we estimate that
(e 3.19)
It follows from 3.2 that there exists a unitary w ∈ B such that u − w * u 2 w < ǫ/2. (e 3.20)
Moreover (e 3.14) also holds since h ∈ (e N + q 1 + q 2 )C(e N + q 1 + q 2 ).
Corollary 3.5. Let A be a unital simple infinite dimensional separable C * -algebra of tracial rank zero and let C ⊂ A ⊗ K be a non-unital hereditary C * -subalgebra with continuous scale. Suppose that u ∈ U (C) with sp(u) = T and suppose that {e n } ⊂ C is an approximate identity consisting of projections. Then, for any ǫ > 0 and any σ > 0, there exists k ≥ 1 and a unitary w ∈ e k Ce k with sp(w) = T such that u − (1 − e k + w) < ǫ and τ (1 − e k ) < σ for all τ ∈ T (C).
(e 3.21)
Proof. In the above proof, let
The corollary then follows.
The following is a non-unital version of Cor. 3.9 of [28] . Proof. Without loss of generality, we may assume that π(u) = 1. PutC = B. Let 1/2 > ǫ > 0. From Corollary 3.9 of [28] , one has the following statement: There exists δ > 0 and σ > 0 satisfying the following: for any unital separable simple C * -algebra A 0 with real rank zero and stable rank one, and unitary u ′ ∈ A 0 with sp(u ′ ) being σ-dense in T and any
Choose such δ and σ. Choose δ 1 > 0 satisfying the following: if u ′ and v ′ are two unitaries with sp(
Let {e n } be an approximate identity for C consisting of projections. Choose θ > 0 satisfying the following: for any unitaries w 1 , w 2 , w 3 , bott 1 (w 1 , w 3 ) and bott 1 (w 2 , w 3 ) are well defined and
provided that [w j , w 3 ] < θ and w 1 − w 2 < θ.
Choose ǫ 1 = min{ǫ/4, δ/4, δ 1 /2, θ}. Choose an integer N ≥ 1 and unitaries
where λ = π(v). Moreover, by the choice of θ,
where u
(e 3.26)
It follows from (e 3.25), and (e 3.26)
By the choice of δ 1 , we conclude that sp(u ′ 1 ) is σ/2-dense in T. Thus sp(u 1 ) is σ-dense in T. By applying the statement at the beginning of this proof (from Cor.3.9 of [28] ), we obtain a continuous path of unitaries {w(t) :
(e 3.28) 
One also verifies that
For the very last part of the lemma, assume that π(v) = 1. Then λ = 1. By (e 3.30), π(h) = 0. It follows that π(w 0 (t)) = 1 for all t ∈ [0, 1/2]. One then checks that
Lemma 3.7. Let C be a non-unital hereditary C * -subalgebra of a separable C * -algebra with stable rank one, and let B =C. Suppose that u and v are two unitaries in B such that uv * ∈ U 0 (B) and π(u) = π(v), where π : B → B/C = C be the quotient map. Then, we can always assume that R u,v (t 0 ) = 0 where t 0 is the tracial state of B such that (t 0 )| C = 0.
Proof. We may write
for some integer m.
Then U (t) is a continuous piecewise smooth path with U (0) = u and U (1) = v. Moreover,
It follows that 1 2πi
The following is a non-unital version for a special case of Lemma 3.5 of [33] .
Lemma 3.8. Let ǫ > 0 and let ∆ : (0, 1) → (0, 1) be a non-decreasing function. There is δ > 0, η > 0, σ > 0 and there is a finite subset G ⊂ C(T) s.a. satisfying the following: For any unital separable simple C * -algebra A with T R(A) = 0, any non-unital hereditary C * -subalgebra C ⊂ A ⊗ K with continuous scale, any pair of unitaries u, v ∈C such that sp(u) = T and
for all intervals I a with length at least η, where ϕ : C(T) →C is the homomorphism defined by
and for all g ∈ G, for any a ∈ Af f (T (C)) with a − R u,v | T (C) ∈ ρ C (K 0 (C)) and a < σ and y ∈ K 1 (C), there is a unitary w ∈C such that
(e 3.34)
). We will use these facts in the following proof. Without loss of generality, we may assume that π(u) = π(v) = 1. By 3.7, we may assume that
where t 0 is the tracial state of B that vanishes on C. Let ǫ > 0 and ∆ be given. Choose ǫ/2 > θ > 0 such that, log(u 1 ), log(u 2 ) and log(u 1 u 2 ) are well defined and
for every tracial state τ and for any unitaries u 1 , u 2 such that
We may choose even smaller θ such that
be required by Lemma 3.1 of [33] for θ/2 (in place of ǫ). Put σ = δ ′ /2. Let 1/2 > δ > 0 and η be required by 3.2 for min{σ, θ/2, 1} (in place of ǫ) and ∆. Suppose u and v satisfy the assumption for the above δ, η and σ. Then, by 3.2, there exists a unitary z ∈ U (C) such that
(e 3.38)
(e 3.39)
Let {e n } be an approximate identity for C consisting of projections. Choose an integer N ≥ 1 and unitaries u 1 , v 1 ∈ e N Ae N = e N Ce N such that
and
By 3.5, we may also assume that sp(u 1 ) = T. By (e 3.39) and (e 3.41),
(e 3.42)
. It follows from Lemma 3.1 of [33] that there exists a unitary z 1 ∈ e N Ae N such that
[w] = y and u − w * vw < θ < ǫ (e 3.44)
(e 3.45)
By the choice of θ, we have
We compute that (using (e 3.36), (e 3.37), (e 3.47) and the Exel formula (see Lemma 3.5 of
(e 3.54)
The above proof also contains the following Lemma 3.9. (see 3.1 of [33] ) Let ǫ > 0. There exists δ > 0 satisfying the following: Suppose that A is a unital separable simple C * -algebra with T R(A) = 0, C ⊂ A ⊗ K is a non-unital hereditary C * -subalgebra with continuous scale and suppose that u ∈ U (C) with sp(u) = T. Then, for any x ∈ K 0 (C) with ρ C (x) < δ and any y ∈ K 1 (C), there exists a unitary v ∈ A such that
(e 3.55) Lemma 3.10. Let A be a unital separable simple C * -algebra which is Z-stable and let C ⊂ A⊗K be a hereditary C * -subalgebra with continuous scale. Then C ⊗ Z ∼ = C.
Proof. Let C = a(A ⊗ K)a for some positive element a ∈ A ⊗ K. By the assumption, we may assume that a E N ,
in the Cuntz semigroup. Therefore C ⊗ Z ∼ = C.
Lemma 3.11. Let ǫ > 0 and let ∆ : (0, 1) → (0, 1) be a non-decreasing map. There exists η > 0, δ > 0 and a finite subset G ∈ C(T) s.a. satisfying the following: Suppose that A is a Zstable unital separable simple C * -algebra such that T R(A ⊗ Q) = 0, C is a non-unital hereditary C * -subalgebra of A ⊗ K with continuous scale, B =C, and suppose that u, v ∈ U (B) are two unitaries such that sp(u) = T,
where π : B → B/C = C is the quotient map. Then there exists a unitary w ∈ U ( B ⊗ Z) such that
Proof. Without loss of generality, we may assume that π(u) = π(v) = 1. We first note, by [34] , that T R(A ⊗ M r ) = 0 for any supernatural number r. Let ϕ : C(T) → B be the monomorphism defined by ϕ(f ) = f (u). It follows from 3.3 that there is a non-decreasing function ∆ : (0, 1) → (0, 1) such that
for all open balls O a of T with radius a ∈ (0, 1). Let ǫ > 0. As in 3.10, we may assume that C ⊂ M n (A) for integer n ≥ 1. Let p and q be a pair of relatively prime supernatural numbers of infinite type with Q p +Q q = Q. Denote by M p and M q the UHF-algebras associated to p and q respectively. Let ı r : C → C ⊗M r be the embedding defined by ı r (c) = c⊗1 for all a ∈ C, where r is a supernatural number.
Denote by ϕ r : C(T) → B r the homomorphisms defined by ϕ r (f ) = f (u r ) for all f ∈ C(T), r = p, q. Let δ 1 > 0 (in place of δ) be required by 3.6 for ǫ/6. Without loss of generality, we may assume that δ 1 < ǫ/12 and is small enough such that bott 1 (u 1 , z j ) and bott 1 (u 1 , w j ) are well defined and
if u 1 is a unitary and z j is any unitaries with [u 1 , u j ] < δ 1 , where w j = z 1 · · · z j , j = 1, 2, 3, 4. Let δ 2 > 0 (in place δ) be require by 3.9 for δ 1 /8 (in place of ǫ). Furthermore, one may assume that δ 2 is sufficiently small such that for any unitaries z 1 , z 2 in a C*-algebra with tracial states, τ (
is well defined and
for any tracial state τ , whenever z 1 − z 3 < δ 2 and z 2 − z 3 < δ 2 . We may further assume that δ 2 < min{δ 1 , ǫ/6, 1}. Let δ > 0, η > 0 and δ 3 > 0 (in place of σ) required by 3.8 for δ 2 (in place of ǫ). Now assume that u and v are two unitaries which satisfy the assumption of the lemma with above δ and η.
Since
, where a p is the image of a under the map induced by ı p . The same holds for q. Note that
and for all a > 0 (and certainly holds for all a ≥ η). By Lemma 3.8 there exist unitaries z p ∈ B p and z q ∈ B q such that
We then identify u p , u q with u ⊗ 1 and z p and z q with the elements in the unitization of C ⊗ M p ⊗ M q which is also identified with the unitization of C ⊗ Q. In the following computation, we also identify T (C) with T (C p ), T (C q ), and T (C p ), or T (C q ) with T (C ⊗ Q) by identifying τ with τ ⊗ t, where t is the unique tracial state on M p , or M q , or Q. In particular, a p (τ ⊗ t) = τ (a) for all τ ∈ T (C) and (e 3.64)
We compute that by the Exel formula (see 3.5 of [30] ),
for all τ ∈ T (C). It follows that It follows that there are x 1 , x 2 , ..., x l ∈ ρ C (K 0 (C)) and r 1 , r 2 , ..., r l ∈ Q such that
Since Q = Q p + Q q , one has r j,p ∈ Q p and r j,q ∈ Q q such that r j = r j,p − r j,q . So
Put y p = l j=1 x j ⊗ r j,p ∈ kerρ C⊗Mp and y q = l j=1 x j ⊗ r j,q ∈ kerρ C⊗Mq . It follows from 3.9 that there are unitaries w p ∈ B p and w q ∈ B q such that
and (e 3.76) bott 1 (u p , w p ) = y p and bott 1 (u q , w q ) = y q .
(e 3.77)
Note, again, that u r = u ⊗ 1 and v r = v ⊗ 1, r = p, q. With identification of W r , w r , z r with unitaries in the unitization C ⊗ Q, we also have
and (e 3.79)
(e 3.82)
Then it follows from the choice of δ 1 , (e 3.61), (e 3.82) and 3.6 that there is a continuous path of unitaries {Z(t) :
(e 3.83)
Moreover, by 3.6, we may assume that
So, in particular, U (0) ∈ B p and U (1) ∈ B q . Therefore, by (e 3.85), U ∈ C ⊗ Z p,q ⊂ C ⊗ Z is a unitary and, by (e 3.78) and (e 3.83),
The following is a non-unital version of Theorem 4.6 of [33] .
Theorem 3.12. Let A be a unital separable simple Z-stable C * -algebra in A 0 . Let C be a nonunital hereditary C * -subalgebra of A ⊗ K with continuous scale and let B =C. Suppose that u ∈ CU (B). Then, for any ǫ > 0, there exists a self-adjoint element h ∈ B with h ≤ 1 such that
(e 3.87)
Proof. Note that the assumption that u ∈ CU (B) implies that π(u) = 1, where π : B → C is the quotient map. Since C has continuous scale, without loss of generality, we may assume that C ⊂ M k (A) for some k ≥ 1. To simplify notation, we may further assume, without loss of generality, that C ⊂ A. We assume that sp(u) = T, otherwise u = exp(ig(u)) for some (real-valued) continuous branch of logarithm with g(u) ≤ 2π. Let ǫ > 0. Let ϕ : C(T) → A be defined by ϕ(f ) = f (u). It is a unital monomorphism. It follows from 3.3 that there is a non-decreasing function ∆ 1 : (0, 1) → (0, 1) such that
for all arcs I a of T with length a ∈ (0, 1). Define ∆(a) = (1/3)∆ 1 (3a/4) for all a ∈ (0, 1). Choose δ 1 > 0 satisfying the following: If h 1 , h 2 are two selfadjoint elements in any unital C * -algebra with h j ≤ 3π, j = 1, 2, such that
We may assume that δ 1 < ǫ/4. Note, by [34] , for any supernatural number p of infinite type, T R(A ⊗ M p ) = 0. Let p and q be two relatively prime supernatural numbers of infinite type.
(e 3.89)
Moreover, for some 1 > r > 0,
and for all τ ∈ T (C), where t is the unique tracial state on M p . Let (note we now assume that C ⊂ A) 
and for all arcs I a with length a ≥ η, where ψ : C(T) → A ⊗ M p is the homomorphism defined by ψ(g) = g(v) for all g ∈ C(T), and
and for all g ∈ G. Note each τ ∈ C ⊗ M p may be written as s ⊗ t, where s ∈ T (C) is any tracial state and t ∈ T (M p ) is the unique tracial state. It follows from 3.8 of [33] that there exists a selfadjoint element h 0 ∈ A with sp(h) = [−2π, 2π] such that
and for all τ ∈ T (A). It follows that
for all τ ∈ T (A) (see (e 3.90)). Let {e n } be an approximate identity for C (e n may not be projections). Since C has continuous scale, we may assume
and for some n ≥ 1. Note that 0 ≤ e n ≤ 1. So, in particular,
The strict comparison implies that we may assume that h 0 ∈ e n Ce n . Note that τ (h 0 ) = 0 for all τ ∈ T (C).
(e 3.97)
Define v 1 = exp(ih 0 ) ∈ A and denote by ψ 1 : C(T) → A the homomorphism given by ψ 1 (f ) = f (v 1 ) for all f ∈ C(T). Note that, by (e 3.96),
and for all f ∈ C(T). By the choice of ǫ 0 , as in (e 3.94) and (e 3.95),
and for all arcs I a with length a ≥ η. Moreover,
for all τ ∈ T (A) and for all g ∈ G. Note since τ (h 0 ) = 0 for all τ ∈ T (C), v 1 ∈ CU (C). It follows from 3.11 that there exists a unitary W ∈ C ⊗ Z such that So {f 1/n (e)} and {f 1/n (e) ⊗ 1} form approximate identities for C and for C ⊗ Z, respectively. Choose 1 > c > 0 such that
and (e 3.102)
for a ∈ {u, v 1 , h, f c (e), e, f c/2 (e)}. Then,
. Then H ≤ 2π, H 1 ≤ 2π and h ≤ 2π. We note that z * j(W * )j(h 0 ⊗ 1)j(W )z ∈ A and C is hereditary, h ∈ C (recall that we assume that C ⊂ A at the beginning of this proof). Since v 1 = exp(ih 0 ), by (e 3.105),
(e 3.107)
It follows from (e 3.102) and (e 3.103) that
and by (e 3.106), It follows from (e 3.107) and (e 3.111) that
The point is that now h ∈ C.
Unitaries in a small corner
In what follows, A will be a simple unital separable stably finite C*-algebra such that all quasitraces extend to traces and A ⊗ K has strict comparison of positive elements. Proof. We may assume that b = b + A ⊗ K = a = a + A ⊗ K = 1. Let ǫ > 0 be given, and let {e k } ∞ k=1 be an approximate identity for A ⊗ K consisting of an increasing sequence of projections. We may assume that ǫ < 1. Let δ > 0 be such that
for all τ ∈ T (A). Note that since b induces a continuous function on T (A), we must have that for every c ∈ (A ⊗ K) + − {0}, there exists N ′ ≥ 1 such that for all k ≥ l ≥ N ′ , (e k − e l )b(e k − e l ) c.
(e 4.113)
Note also that by the definition of J (see 2.7), for all c ∈ (A ⊗ K) + \ {0}, there exists N ′′ ≥ 1 such that for all k ≥ l ≥ N ′′ , (e k − e l )(a − ǫ/10) + (e k − e l ) c.
(e 4.114)
By (e 4.113), let N ≥ 1 be such that for all k ≥ l ≥ N and for all τ ∈ T (A),
It follows that
τ (e N +2 b) > d τ ((a − ǫ/10) + ) + δ/100 for all τ ∈ T (A).
By choosing δ 1 > 0 small enough, we may assume that We now construct a subsequence {k j } ∞ j=0 of the positive integers and a sequence {p n } ∞ n=0 of pairwise orthogonal projections in A ⊗ K which have the following properties:
The construction is by induction on n (and j = 2n − 1, 2n for n ≥ 0; we don't define k −1 ). Basis step n = 0.
We take
By (e 4.115), find an integer L ≥ N + 10 such that
. (e 4.116)
We have also shown (5) above holds. Induction step. Suppose that for n ≥ 0, and for all l ≤ n, k 2l−1 , k 2l and p l have been constructed. We now construct k 2n+1 , k 2n+2 and p n+1 which satisfy the condition (1)- (7) above.
By the previous steps in the induction, there exists an integer
Now choose an integer k 2n+1 > k 2n + 10 such that
Hence, choose k 2n+2 > k 2n+1 + 10 such that
(so (2) above holds for n + 1) and
Note that
(Here we also use that
It is clear that (1) follows.
Then (3) and (4) follow (for n + 1). Moreover, (6) follows from (e 4.122) and (7) follows from (e 4.120). This completes the inductive construction. Note also, by (4) above ∞ n=1 p n converges strictly in M (A ⊗ K). We now construct two subsequences {m n } ∞ n=0 and {L n } ∞ n=0 of the positive integers and a sequence {q n } ∞ n=0 of projections in A ⊗ K so that the following hold:
(iv) n q n converges strictly. + (e mn − e m n−1 )(a − ǫ/10)
The construction is by induction on n.
Basis step n = 0. By (e 4.114), choose m 0 ≥ 1 so that for all k > l ≥ m 0 , (a − ǫ/10)
Choose an integer L 0 ≥ 1 so that
+ e L 0 ≈ ǫ/100 10 (a − ǫ/10)
So (vi) holds. Induction step. Suppose that m l and q l have been constructed for all l ≤ n. We now construct m n+1 and q n+1 . By the induction hypothesis, + (e k − e l )(a − ǫ/10)
(Here, we are using (e 4.114).)
e Ln (a − ǫ/10)
Thus (iii) holds. By the induction hypothesis, we have that (a − ǫ/10)
+ (e m n+1 − e mn )(a − ǫ/10)
Also, since e L n−1 (a − ǫ/10)
+ (e m n+1 − e mn ) < (1/10)(ǫ/100 n+11 ).
(Here we use that a ≤ 1.) Thus (vii) holds. Hence, we can find L n+1 > L n and a projection Thus (v) holds. We also have (ii) holds. This completes the inductive construction. Note that (iv) follows from (ii). Now, by (vii) and the Cuntz relation, for all n ≥ 1, there exists x n ∈ q n (A ⊗ K)p n such that x n ≤ 10/8 and
+ (e mn − e m n−1 )(a − ǫ/10) 
(e 4.127) Let x ∈ M (A ⊗ K) be given by
Note, by (3) and (i), ∞ k=0 x 2k and ∞ k=0 x 2k+1 converges in the strict topology. It follows from (5), (6) and (e 4.127) that
(e mn − e m n−1 ))(a − ǫ/10)
Hence,
Since ǫ > 0 was arbitrary, a b.
Proposition 4.2. Suppose, in addition, that A has stable rank one. Suppose that p, q ∈ M (A ⊗ K) \ A ⊗ K are two projections such that τ (p) = τ (q) < ∞ for all τ ∈ T (A). Then there exists a partial isometry v ∈ M (A ⊗ K) such that
Proof. Put C = A ⊗ K. Let a ∈ pCp and b ∈ qCq be two strictly positive elements. Then neither are projections. By the assumption,
Since C has strict comparison for positive elements and A has stable rank one, one obtains a partial isometry v ∈ C * * such that xv ∈ C for all x ∈ Ca and vy ∈ C for all y ∈ bC. Moreover,
(See, for example, [29] .) For any c ∈ C, since q ∈ M (C), qc ∈ C. It follows that qc ∈ bC. Therefore vc = vqc ∈ C.
Similarly, cv = cpv ∈ C. Therefore v ∈ M (C). We verify that
Before proceeding with the next result, we both recall and introduce some notation, and also recall some preliminaries, which will be specific to the next result.
Let K be the compact operators and let {e j,k } 1≤j,k<∞ be a system of matrix units for K. Recall that by identifying A with A ⊗ e 1,1 , for every τ ∈ T (A), there is a natural extension of τ to a trace (which we also denote by "τ ") on (A ⊗ K) + and hence M (A ⊗ K) + . Similarly, by identifying A with A ⊗ e 1,1 ⊗ e 1,1 , there is a natural extension of τ to a trace (which we also denote by "τ ") on (A ⊗ K ⊗ K) + and hence M (A ⊗ K ⊗ K) + .
Let C = df A ⊗ K. Note that for all c ∈ M (C) + , for all τ ∈ T (A) and for all j ≥ 1,
(e 4.128)
Next, let ψ : K → K ⊗ K be a *-isomorphism. This induces a *-isomorphism
Ψ induces a *-isomorphism (which we also denote by "Ψ")
Moreover, for all τ ∈ T (A), we have that
(e 4.129)
Next, we introduce some notation concerning Hilbert modules. (For more information (and notation) concerning Hilbert modules, we refer the reader to [18] , [45] Chapter 14 and [4] Chapter 13.) For a Hilbert C-module E, for all x, y ∈ E, let θ x,y ∈ K(E) be the element that is given by θ x,y = df x < y, . >; i.e., θ x,y (z) = df x < y, z > for all z ∈ E. Recall that K(E) is the closed linear span of all the θ x,y for x, y ∈ E.
Recall (see, for example, [18] Proposition 4.3. Suppose, in addition, that A has the property that, for every bounded strictly positive affine lower semicontinuous function f : T (A) → (0, ∞), there exists a non-zero a ∈ (A ⊗ K) + which is not Cuntz equivalent to a projection such that d τ (a) = f (τ ) for all τ ∈ T (A). Then for every bounded, strictly positive, affine, lower semicontinuous function f :
Proof. We will use the notation introduced before this proposition. Let a ∈ C + ((= (A ⊗ K) + ) be such that a is not Cuntz equivalent to a projection in C and where a j ∈ C for all j ≥ 1. Note that by (e 4.132),
and under the isomorphism Φ (see the notation introduced before this proposition),
Also, K(qH C ) is the closed linear span of elements of the form θ ηc,ηd for c, d ∈ C. Moreover, the image, under Φ, of such an element is:
where b ∈ C ⊗ K is the element that is given by
Hence, for all τ ∈ T (A),
But by the definition of b and by (e 4.133),
Thefore, by (e 4.130), (e 4.134) and (e 4.128), for all τ ∈ T (A),
If we let p = df Ψ −1 • Φ(q), then, by (e 4.129), we are done.
Remark 4.4. We note that by [7] Theorem 5.5, if A is a unital simple exact finite and Z-stable C*-algebra then A satisfies the hypotheses of Proposition 4.3.
We can generalize Proposition 4.3 to the case where the lower semicontinuous function is unbounded or takes the value ∞.
Corollary 4.5. Suppose, in addition, that A has the property that, for every bounded strictly positive affine lower semicontinuous function f : T (A) → (0, ∞), there exists a nonzero a ∈ (A ⊗ K) + which is not Cuntz equivalent to a projection such that d τ (a) = f (τ ) for all τ ∈ T (A). (E.g., A can be unital simple exact finite and Z-stable.)
Then for every strictly positive, affine, lower semicontinuous function f :
Proof. Let {q n } ∞ n=1 be a sequence of pairwise orthogonal projections in M (A ⊗ K) such that q n ∼ 1 for all n ≥ 1 and ∞ n=1 q n = 1, where the sum converges in the strict topology on M (A ⊗ K).
Next, f is the pointwise limit of a strictly increasing sequence of strictly positive affine continuous functions on T (A) (see [1] Lemma 5.3; see also [14] Theorem 11.12 or [10] (Edwards' Separation Theorem)). In other words, let {f n } ∞ n=1 be a sequence of strictly positive affine continuous functions on T (A) with f n < f n+1 for all n such that f n → f pointwise (where ∞ is allowed to be the limit at a point) .
For all n ≥ 1, let g n be the strictly positive affine continuous function on T (A) that is given by g n = df f n − f n−1 (where f 0 = df 0). For each n ≥ 1, apply Proposition 4.3 to get a projection p n ∈ q n M (A ⊗ K)q n such that τ (p n ) = g n (τ ) for all τ ∈ T (A).
Let p = df ∞ n=1 p n . Then the sum converges strictly and p is a projection in
The next lemma is standard (e.g., see Lemma 2.1 in [11] ). Lemma 4.7. Let C be a unital C*-algebra and let x ∈ C be a nilpotent element (i.e., x 2 = 0).
where the closure is in the norm topology.
NOTE: For the rest of this section, unless otherwise stated, A is a unital separable simple Z-stable C*-algebra with unique tracial state τ which is the only normalized quasitrace and J is the unique proper C*-ideal of M (A ⊗ K) which properly contains A ⊗ K (see 2.8).
Lemma 4.8. Let p ∈ J \ A ⊗ K be a projection, and suppose that a ∈ pJp is a positive element such that
and there exists positive c ∈ pJp \ A ⊗ K such that c ⊥ a. Then for every ǫ > 0, there exists a projection q ∈ pJp \ p(A ⊗ K)p such that
Proof. For simplicity, let us assume that a ≤ 1 and ǫ < 1. Let h : [0, 1] → [0, 1] be the unique continuous function such that
Also, since c ∈ Her(p − h(a)), p − h(a) / ∈ A ⊗ K. Hence, by Lemma 4.1 and Proposition 4.3, let r ∈ pJp − p(A ⊗ K)p be a projection such that
Hence, r ⊥ (a − ǫ/1000) + .
By Lemma 4.1 again, let x ∈ pJp be an element such that
be the polar decomposition of x (in A * * ). Then (a − ǫ/50) + = |x| 2 and v|x| 2 v * ≤ r.
Note that since (a − ǫ/50) + ⊥ r, x 2 = 0. Hence, by Lemma 4.7,
x ∈ GL(pJp).
Hence, by Theorem 5 in [40] , let u ∈ pJp be a unitary such that
In particular, u * rua ≈ ǫ a.
Taking q = df u * ru, we are done.
Lemma 4.9. Let p ∈ J \ (A ⊗ K) be a projection and let u ∈ pJp be a unitary.
Then for every ǫ > 0 and for every projection q ∈ J \A⊗K with q ⊥ p, there exist projections p 1 = e 1 < e 2 < e 3 < p + q where the inequalities are strict, and there exists a unitary w ∈ (p + q)J(p + q) such that w − (u + q) < ǫ and we 1 w * ≤ e 2 ≤ we 3 w * < p + q.
Moreover,
Proof. By the virtue of 4.3, replacing q by a subprojection if necessary, we may assume that
By Lemma 4.1, Proposition 4.3 and Proposition 4.2, we can decompose q into a direct sum of non-zero projections
Let δ 5 > 0 (in place of δ) associated with ǫ/100 (in place of ǫ) be given by 4.6. Let δ j−1 > 0 (in place of δ) associated with δ j /100 (in place of ǫ) given by 4.6, j = 5, 4, 3, 2, 1.
Take e 1 = df p 1 .
By hypothesis,
τ (e 1 ) < τ (p)/100.
It follows from Lemma 4.8 that there exists a projection q 1 ∈ (p + q ′ )J(p + q ′ ) such that
By Lemma 4.6 and the definition of δ 1 , we can find a projection e 2 ∈ (p + q ′ )J(p + q ′ ) such that e 2 − q 1 < δ 2 /50
(and hence e 2 ∼ q 1 ) and e 1 ≤ e 2 .
As a consequence, (since δ 1 < δ 2 /100),
It follows from Lemma 4.6 and the definition of δ 2 that there is a unitary
100 ) ≤ τ (p)/25 + 2τ (p)/10 100 , and by Lemma 4.8, let q 2 ∈ (p + q ′ + q ′′ )J(p + q ′ + q ′′ ) be a projection such that
q 2 e 2 ≈ δ 2 /100 e 2 and q 2 w * 1 e 2 w 1 ≈ δ 2 /100 w * 1 e 2 w 1 . By Lemma 4.6 and the definition of δ 2 , there exists a projection e 3 ∈ (p+q ′ +q ′′ )J(p+q ′ +q ′′ ) such that e 3 − q 2 < δ 3 /50
(and hence e 3 ∼ q 2 ), and e 2 ≤ e 3 .
Hence, e 3 (w * 1 e 2 w 1 ) ≈ δ 3 w * 1 e 2 w 1 .
Note that since e 1 ≤ e 2 ≤ e 3 ,
Also, by our construction of e 2 ,
Hence, by Lemma 4.6 and by the definition of δ 3 , there exists a unitary w ′ 2 ∈ (p + q ′ + q ′′ − w 1 e 1 w * 1 )J(p + q ′ + q ′′ − w 1 e 1 w * 1 ) with
and e 2 − w 1 e 1 w *
w − (u + q) < ǫ, p 1 = e 1 < e 2 < e 3 < p, and we 1 w * < e 2 < we 3 w * < p (e 4.138)
as required. Finally, since q 1 ∼ e 2 , by (e 4.137) and by applying Lemma 4.1, we also have
Lemma 4.10. Let p ∈ J \ (A ⊗ K) be a projection and u ∈ pJp be a unitary. Let 1/2 10 > r > 0. Then for every projection q ∈ J \ A ⊗ K with q ⊥ p, there is a (norm-) continuous path of unitaries {u(t) :
Proof. By Proposition 4.3 and Lemma 4.1, there is a projection
is a projection, we can decompose q into orthogonal projections
It follows from Lemma 4.9 that there exists a unitary w 0 ∈ (p + q ′ )J(p + q ′ ) with
(which implies that w 0 is path-connected to u + q ′ in (p + q ′ )J(p + q ′ )) and there are projections e 1 , e 2 , e 3 ∈ (p + q ′ )J(p + q ′ ) \ (A ⊗ K) such that p 1 = e 1 < e 2 < e 3 < p + q ′ < p + q (where the inequalities are strict), and w 0 e 1 w * 0 < e 2 < w 0 e 3 w *
Moreover, Recall that e 4 = df p + q. Put e 0 = df 0. Hence, for j = 1, 2, there is a unitary w 2j ∈ (e 2j − e 2j−2 )J(e 2j − e 2j−2 ) such that w 2j (e 2j−1 − e 2j−2 )w * 2j = we 2j−1 w * − e 2j−2 .
Define z = df w 2 ⊕ w 4 and y = df z * w, two unitaries in (p + q)J(p + q). Then w = zy. Clearly, by definition, (e 2n − e 2j−2 )z = w 2j = z(e 2j − e 2j−2 ) and
Also, since ze 1 z * = we 1 w * , e 1 = z * we 1 w * z.
In other words, e 1 = ye 1 y * or e 1 y = ye 1 .
Hence, y = y 1 ⊕ y 3
where y 1 ∈ e 1 Je 1 is a unitary and y 3 ∈ (p + q − e 1 )J(p + q − e 1 ) is a unitary. Moreover,
(e 4.144)
By (e 4.139) and (e 4.140), there are partial isometries
Define a unitary U i ∈ (p + q)J(p + q) by
We may write
(e 4.145)
Then, by (e 4.145) and (e 4.141), u + p is connected to
via a norm continuous path in U (p + q)J(p + q)). Moreover, we compute that, by (e 4.144),
Lemma 4.11. Let p ∈ J \ (A ⊗ K) be a projection and u ∈ pJp be a unitary. Let 1 > r > 0. Then for every projection q ∈ J \ A ⊗ K with q ⊥ p, there is an integer m ≥ 1 and a (norm-) continuous path of unitaries {u(t) :
Proof. There is an integer n ≥ 1 such that 1 − (1 − s) n > r, where s = (3/4)2 −10 . By Lemma 4.1, Proposition 4.2 and Proposition 4.3, there are mutually orthogonal projections
It suffices to prove the following statement: there are projections
, (e 4.147) j = 1, 2, .., k, and u is connected to k j=1 ((p+q −f j )+u j ) by a norm continuous path of unitaries in (p + q)J(p + q) for all 1 ≤ k ≤ n.
We prove this by induction on k.
The case k = 1 follows immediately from Lemma 4.10 with q 1 in place of q and s in place of r. Suppose that we have proven the statement for k. We now prove the statement for k + 1. Now for 1 ≤ j ≤ k, apply Lemma 4.10 to u j (in place of u), f j (in place of p), s (in place of r) and q k+1 (in place of q) to get projections f j,l ∈ (f j + q k+1 )J(f j + q k+1 ) \ A ⊗ K (l = 1, 2) and unitaries u j,l ∈ f j,l Jf j,l such that u j is connected to (f j,1 + u j,1 )(f j,2 + q k+1 ) + u j,2 ) by a norm continuous path of unitaries in (f j + q k+1 )J(f j + q k+1 ) and
(e 4.148)
It follows that
. (e 4.151)
The statement above holds for k + 1 by renaming f ′ j,l s and u ′ j,l s which completes the induction.
Lemma 4.12. Let p, q, r, s ∈ J \ A ⊗ K be projections such that q, r, s ≤ p, q, r ⊥ s and τ (q) ≤ τ (s) ≤ τ (r).
Suppose that u ∈ qJq is a unitary. Then there is a continuous path of unitaries {u(t) :
where where v ∈ rJr is a unitary.
Proof. Since s ⊥ q and q s, we may view u + (p − q) as u + (p − q) = diag(u, s, p − q − s) = diag(u, u * u, p − q − s) (with coordinates in (q, s, p − q − s)) which is norm path connected to diag(q, u, p − q − s), which has the form w + (p − s) for some unitary w ∈ sJs. But since s ⊥ r and s r, w + (p − s) can be viewed as w + (p − s) = diag(w, r, p − s − r) = diag(w, w * w, p − s − r) (with coordinates in (s, r, p − s − r)) which is norm path connected to diag(s, w, p − s − r), which has the form v + (p − r) for some unitary v ∈ rJr. Lemma 4.13. Let p ∈ J \ A ⊗ K be a projection and let q ∈ J \ A ⊗ K be another projection with p ⊥ q and q p.
Let u ∈ pJp be a unitary. Then there exists a continuous path of unitaries {u(t) :
where v ∈ U (qJq).
Proof. The result of the lemma follows immediately from Lemma 4.11 and Lemma 4.12. By Proposition 4.3, Proposition 4.2 and Lemma 4.1, we can decompose q into pairwise orthogonal projections
where q ′ , q ′′ , q ′′′ ∈ J \ (A ⊗ K) and τ (q ′ ) < τ (q ′′ ) < τ (q ′′′ ), which implies that q ′ q ′′ q ′′′ . By applying Lemma 4.11 and by passing to a unitary which connects with u + q ′ by a continuous path of unitaries in U ((p + q)J(p + q)), without loss of generality, we may write
such that u i ∈ U (f j Jf j ), where f j ≤ p + q ′ and f j q ′′ , j = 1, 2, ..., m. Note that
Thus, by Lemma 4.12, for each j, there is a continuous path of unitaries {w j (t) :
where v j ∈ U (q ′′′ Jq ′′′ ), j = 1, 2, ..., m. Define
Then {u(t) : t ∈ [0, 1]} is a continuous path of unitaries in (p + q)J(p + q). Moreover,
The main results
Lemma 5.1. Let A be a unital C * -algebra and B = A ⊗ K. Then M (B) contains a sequence of mutually orthogonal projections {p n } each of which is equivalent to the identity 1 M (B) , p n / ∈ B, n = 1, 2, ..., and ∞ n=1 p n converges strictly to 1 M (B) .
Proof. This is known. One can have a partition of N into a sequence {I n } of mutually disjoint infinite subsets such that 1 ∈ I n and I n ∩ {1, 2, ..., n − 1} = ∅. Let {e i,j } be a system of matrix unit for K. We identify e ii with 1 A ⊗ e ii . Define
The convergence is in the strict topology. Let e n = n i=1 e ii . Then {e n } forms an approximate identity for B. Note that, by the construction, p m e n = 0 for all m > n. The following holds in much general situation.
It follows that
Lemma 5.2. Let A be a unital separable simple Z-stable C*-algebra with unique tracial state τ , and let B = A ⊗ K. Let J be the smallest ideal of M (B) which properly contains B.
Then, for any sequence of positive numbers {α n } with α n ≥ α n+1 and ∞ n=1 α n < ∞, there exists a sequence of mutually orthogonal projections {q n } ∈ M (B) such that q n+1 q n , τ (q n ) = α n , n = 1, 2, ..., such that ∞ n=1 q n converges in the strict topology and p = ∞ n=1 q n ∈ J.
Proof. Let {p n } be as in 5.1.
By Proposition 4.3 and since p n ∼ 1 M (B) , let q n ∈ J be such that q n ≤ p n and τ (q n ) = α n for all n ≥ 1. Then n q n converges strictly to an element of J. Corollary 5.3. Let A be a unital separable simple Z-stable C*-algebra with unique tracial state τ , let B = A ⊗ K, let J be the smallest ideal of M (B) which properly contains B, and let p ∈ M (B) be a projection such that τ (p) = ∞. Then, for any sequence of positive numbers {α n } with α n ≥ α n+1 and ∞ n=1 α n < ∞, there exists a sequence of mutually orthogonal projections {q n } ∈ M (B) such that q n+1 q n , τ (q n ) = α n , n = 1, 2, ..., such that ∞ n=1 q n converges in the strict topology to a projection q ∈ J such that q ≤ p.
Lemma 5.4. Let B be a non-unital and σ-unital simple C * -algebra, J ⊂ M (B) be an ideal containing B such that J/B is purely infinite and simple and let p ∈ J be a non-zero projection. Suppose that u ∈ pM (B)p is a unitary such that [u] = 0 in K 1 (pM (B)p) . Then, for any ǫ > 0, there are two selfadjoint elements H 1 , H 2 , ∈ pM (B)p and a unitary w ∈ p + pBp such that H 1 ≤ π, H 2 < ǫ and
(e 5.155)
In particular, w * u ∈ U 0 (pM (B)p).
Proof. Note that pM (B)p/pBp is purely infinite and simple. Let π : pM (B)p → pM (B)p/pBp be the quotient map. Suppose that u is as in the lemma. Then π(u) ∈ U 0 (pJp/pBp). Note that pJp/pBp is a unital purely infinite simple C * -algebra. It follows from a result of Chris Phillips ( [41] ) that, for any ǫ > 0, there are selfadjoint elements h 1 , h 2 ∈ pM (B)p/pBp such that π(u) = exp(ih 1 ) exp(ih 2 ) and h 1 ≤ π and h 2 < ǫ.
(e 5.156)
There are selfadjoint elements
It follows that u = w exp(iH 1 ) exp(H 2 ) and w * u ∈ U 0 (pM (B)p).
Lemma 5.5. Let A ∈ A 0 be a unital separable simple Z-stable C * -algebra with unique tracial state τ , let B = A ⊗ K and let J ⊂ M (B) be an ideal containing B such that J/B is purely infinite and simple. Suppose that p ∈ J and u ∈ pM (B)p \ B be a unitary. Then, for any projection q ∈ J \ B and pq = 0 = qp, any ǫ > 0, there is a unitary v ∈ qM (B)q and selfadjoint elements h 1 , h 2 ∈ (p + q)M (B)(p + q) and h 3 ∈ C(p + q) + (p + q)B(p + q) such that
Proof. There is a projection q 1 ∈ J \ B such that q 1 ≤ q and there is a unitary z ∈ (p + q)M (B)(p + q) such that z * q 1 z ≤ p.
It follows from Lemma 4.13 that there is a unitary v 1 ∈ q 1 Jq 1 such that
(e 5.161)
Put P = p + q. It follows from 5.4 that there are selfadjoint elements h 1 , h 2 ∈ P JP with h 1 < ǫ/2 and h 2 ≤ π such that u + v 1 + (q − q 1 ) = exp(ih 1 ) exp(ih 2 )w, where w ∈ P + P BP. Since B is simple and has stable rank one, there exists w 1 ∈ q + qBq such that [w 1 ] = −[w]. Thus w(w 1 + p) ∈ U 0 (P + P BP ). Let
where a k ∈ (CP + P BP ) s.a. . Let π(a k ) = α k , k = 1, 2, ..., m. Since w(w 1 + p) ∈ P + P BP, m k=1 α k = 2N π for some integer N. By replacing a k by a k −α k P, we may assume that π(a k ) = 0, k = 1, 2, ..., m. In other words, a k ∈ P BP, k = 1, 2, ..., m. Choose b ∈ (qBq) s.a. such that It follows that w(w 1 + p)(v 2 + p) ∈ CU (CP + P BP ).
By 3.12, there is h 3 ∈ P BP s.a. with h 3 ≤ 2π such that w(w 1 + p)(v 2 + p) − P exp(ih 3 ) < ǫ.
It follows that (u + v) − P exp(ih 1 ) exp(ih 2 ) exp(ih 3 ) < ǫ.
Lemma 5.6. Let A be a unital separable simple Z-stable C*-algebra with unique tracial state τ and let J be the smallest ideal in M (A ⊗ K) that properly contains A ⊗ K. Then J has an approximate identity consisting of projections.
Proof. This follows immediately from Proposition 4.3 and Lemma 4.1.
Theorem 5.7. Let A ∈ A 0 be a unital separable simple Z-stable C*-algebra with unique tracial state τ and let J be the smallest ideal in M (A ⊗ K) that properly contains A ⊗ K. Then K 1 (J) = 0. In fact, for any u ∈J, cel(u) ≤ 7π.
Proof. Let u ∈ M n (J). Let Π : M n (J) → M n be the quotient map. Let z ∈ M n such that Π(u) = z. Identify z with the scalar matrix in M n (J ) and put v = uz * . Then v ∈ M n (J). Moreover, Π(v) = 1. Since M n (J) ∼ = J, without loss of generality, we may assume that u ∈ 1 + J but we need to show that cel(u) ≤ 6π. Let ǫ > 0. Since J has an approximate identity consisting of projections, without loss of generality, we may assume that there is a projection P ∈ J such that u = (1 − P ) + u 0 , where u 0 ∈ P JP is a unitary.
By reconsidering an approximate identity of J consisting of projections, one find a non-zero projection e 0 in (1 − P )J(1 − P ). Then, by applying 5.2, one obtains a sequence of mutually orthogonal nonzero projections {q n } such that ∞ n=1 q n converges in the strict topology and ∞ n=1 q n ∈ (1−P )J(1−P ). By 5.5, putting P = p 0 , there are a sequence of unitaries, v n ∈ q n Jq n and sequences of selfadjoint elements {h 2n−1 j } ⊂ (q 2n−1 + q 2n )J(q 2n−1 + q 2n ) and {h Since both π(J) and π(M (B))/π(J) are simple purely infinite (this is well-known; an explicit reference can be found in [19] ; it also follows immediately from [27] Remark 5.10. We note that Theorem 5.8 includes many other C*-algebras (see [34] )-including crossed products coming from uniquely ergodic minimal homeomorphisms on a compact metric space with finite topological dimension (e.g., see [46] , [8] .) Finally, we end the paper with some K-theory computations that follow immediately from our work. 
which, by the above results, becomes
Since the map Z → R is the natural inclusion, K 1 (π(J)) = 0 and K 0 (π(J)) = R/Z ∼ = T.
